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Abstract 

We study the boundary states for the rational points in the moduh spaces 
of c = 1 conformal and c = 3/2 superconformal field theories, including the 
isolated Ginsparg points. We use the orbifold and simple-current techniques 
to relate the boundary states of different theories and to obtain symmetry- 
breaking, non-Cardy boundary states. We show some interesting examples of 
fractional and twisted branes on orbifold spaces. 



1 Introduction 



One of the topics of present string theory investigations is the determination of D- 
branes on general backgrounds: their algebraic construction as boundary states of 
conformal field theory, their classification, the relevant consistency conditions and 
their geometrical interpretation flj 01 [i] • 

In the rational conformal theories (RCFT), the boundary states should obey a 
closed set of modular covariance conditions 10] [§1 , that involve the bulk-theory data 
specified by the torus partition function. A general solution was originally found 
by Cardy for the symmetry-preserving boundary states associated to the charge- 
conjugation partition function [Q; several authors have recently discussed other cases 
and examples with symmetry-breaking boundaries and general partition functions 
Ml [im Ell • Among other solutions, a rather interesting pattern has emerged for 
the D-branes on group manifolds [0] and coset manifolds [0 . Moreover, a theory 
for the symmetry-breaking boundary conditions has been introduced [jll| and a large 
class of non-Cardy boundary states has been found [l^ by extending the method of 
simple currents ||15||. 



In this paper, we would like to contribute to these searches by presenting the 
detailed analysis of the rational conformal and superconformal theories at c = 1 
and 3/2, respectively [|T^]|]T^; our study includes the isolated points of the non- 
abelian orbifolds SU{2)/G, where G is the symmetry group of the tetrahedron (T), 
octahedron (O) and icosahedron (I). These theories are interesting for their non- 



trivial, yet manageable, chiral algebras, involving several twisted sectors [IS]. Their 



boundary states provide nice examples of "fractional" and "twisted" branes ]|T9|. In 



our analysis of boundary states, we extensively use the method of simple currents [14 



and we exemplify some properties of symmetry-breaking boundaries first discussed in 
Ref.Jll]. 



It is interesting to see these methods at work in elaborate examples and to discuss 
the resulting features. Whenever orbifold constructions, often implemented by simple 
currents, map pairs of conformal theories, we can find corresponding relations between 
the respective boundary states. Cardy-type boundaries are mapped to new, non- 
Cardy boundaries pertaining to the same or a different theory; these relations provide 
interesting hints and checks for the geometrical interpretation of the D-branes. 

The paper is organized as follows. In Section 2, we introduce the orbifold construc- 
tion of boundary states in the rather well-known case of the S'f/(2)^ affine conformal 
theories [3[|3]]|1]) whose bulk field content is given by the ADE modular invariants 
20| ; this example also motivates the general formulae for the orbifold constructions 



based on simple currents []T^[|2I|. In Section 3, we discuss the boundary states for the 
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rational c = 1 theories of the compactified boson and the orbifold |T^; most of 



the results are well knownQ, but they set the stage for the analysis of the T — O — I 
models. 



In Section 4, after (re)-deriving the T — O — I chiral algebras and S matrices [|T8 
we discuss an interesting example of non-Cardy boundary states that pertains to the 
tetrahedron orbifold with diagonal partition function. Such boundaries are derived 
from the Cardy states of the octahedron by simple-current extension, namely by the 
inverse of the orbifold map: SU{2)^/0 = (S'f/(2)^/T)/Z2. The corresponding annu- 
lus amplitudes provide a 5-dimensional representation of the 21- dimensional fusion 
rules of the T model. 



In Section 5, we review the moduli space of c = 3/2 superconformal theories [17 
we write their chiral algebras and characters, and find their boundary states. Finally, 
Section 6 is devoted to the superconformal T and O orbifold^ using the chiral data 
spelled out in Appendix 0, we find the boundary states for some of their non-charge- 
conjugate partition functions and the relations among them. 

The Appendices contain some details of our work: Appendix A reports the char- 
acter tables of the T — O — I groups; Appendix B discusses the amplitudes for non- 
orientable surfaces, the Klein bottle and the Mobius strip, |^2| that complete the 



analysis of c = 1 theories. Appendix C and D contain the chiral algebras of the 
conformal and superconformal T — O — I models, respectively. 



2 Orbifold constructions for boundary states 

Rational conformal theories are characterized by the modular invariant partition func- 
tion on the torus, that is a sesquilinear form in the characters Xi of the representations 
of the chiral algebra A of the theory 



N 

Z Zij Xi{(l)xM) , 9 = exp(2i7rr) . (2.1) 

In this expression, the trace over the states propagating in the bulk decomposes into 
the representations labeled by the indices i and j that occur with integer multiplicities 
Zij. 

The determination of the conformal boundary conditions that are consistent with a 
given, generic bulk theory (generic Z) is a non-trivial problem that has been tackled 



by the recent literature [§] ITO| [U • us briefly recall the setting: the partition 



* See e.g. the Refs.§. 

''' The superconformal I orbifold is not discussed here. 
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function on the annulus with boundary conditions of type (a) and (b) is a hnear 
combination of characters, 

N 

A,, = Y,A^,,X^{q) , (2.2) 

1=1 

where the non-negative integer muhiphcities are in general unknown, and should 
be determined by the consistency conditions of modular covariance and by some 
physical requirements 0. Upon performing the 5* modular transformation, r 
— 1/r, the annulus amplitude (|2.2| ) describes the propagation of bulk states between 
the two boundary states \a) and \b). The latter can be expended in the basis of the 
Ishibashi states |m)) as follows ||2^ : 

M 

\a) = J2 B-rn . (2.3) 

m=l 

There exists an Ishibashi state for any bulk representation that reflects at the bound- 
ary, namely for any m such that Zmm* 7^ in the partition function with 
corresponding multiplicity (m* is the representation conjugate to m). 

The general form of the boundary states for the bulk theory of the charge-conjugation 
modular invariant, Zij = 6ij*, has been given by Cardy @]: there are as many bound- 
ary states as representations of the chiral algebra, a,m = 1, . . . , N, and the boundary 
coefficients are expressed in terms of the modular S matrix, 

Bam = ^. (2.4) 



As a consequence of the Verlinde formula p5[) the corresponding annulus coefficients 
are equal to the fusion rules: = A/'^j,. 

For general torus partition functions, we can make the natural assumption of com- 
pleteness of the boundary conditions 0, such that the boundary coefficients B, 
define an invertible map in (|2.3|). Orthogonality is also required for the set of "pure 



am 

)5 



boundaries whose correlators obey the cluster decomposition. These conditions imply 



that the matrix Ram = V Som Bam is unitary. An equivalent condition is that the 
matrices of annulus coefficients! (Ai)^ give rise to an integer-valued representation 
of the fusion algebra [|^ |[ : 

M N 

^ia ^jb = ^ -^ij ^ ^ka ■ (2.5) 
b=l k=l 

In this paper, we study boundary states at c = 1 and 3/2: we discuss interesting 

theories not completely analyzed so far, and describe cases with non-charge-conjugate 

Note that the bulk {i) and boundary (a, h) indices of A\j^ = can be raised with the help of 
the bulk and boundary conjugation matrices, Cij = (S'^)ij — Si,j^ and A^j^ = Sa,b*, respectively. 
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modular invariants. We extend the orbifold constructions of bulk theories to the 



determination of the boundary states, relying on the results of the Refs. |TT|, |T4|, 
The method can be illustrated in the case of the SU{2)^ affine conformal theories with 
ADE modular invariant partition functions pO[. The D-theories with non-diagonal 
modular invariant can be obtained as orbifolds of the diagonal A-theories, by modding 
out the Z2 symmetry Xi ^ {~^Y^^Xii ^ = 1, • • • , + 1- The invariant states are the 
integer-spin S'f/(2)^ representations, and the twisted states are added in a way that 
is consistent with modular invariance. The result is {C. = 1, 2, . . .): 

k+l (k-2)/2 

k = Ae + 2, Zd^^^^ = lx*r + IX{fc+2)/2r + Yl {XiXk+2-i + c-c.) ; 

i=l odd i=2 even 

(fc-2)/2 

k = M, Zd,,^, = Yl IXi + Xfc+2-i|' + 2|X(fc+2)/2|' . (2.6) 

i=l odd 

The D-even partition functions are diagonal modular invariants for an extended chiral 
algebra, while the D-odd partition functions have left and right sectors paired by the 
permutation i —>■ k + 2 ~ i, that is an automorphism of the fusion rules. For = 6 in 
particular, the orbifold construction relates the and partition functions: 
7 7 
^AT = X^IXi|^ — ' Zd5= Y IXif + \Xif + {X2Xe + ^-C-) ■ (2-7) 

i=l i=l odd 

The even-index characters in Zo^ correspond to the twisted sectors. 

The orbifold operation can be applied to the Ishibashi states of the diagonal invari- 
ant since they are in one-to-one relation with the representations of the chiral algebra. 
First we should form combinations of boundary states that are invariant under the 
orbifold symmetry; in the present case, they are given by: 

\^)n = ^{\^)A + \k + 2-^)^) = Y ^^^^^i^H) , . = 1, . . . , | , 

(2.8) 

where Sij = \/2l{k ^ 2) sin(7rij'/(A; + 2)). The states can be called "invariant" 
boundaries because they only allow the propagation of odd-m bulk states in the closed 
channel. 

In the D-odd theories, we need two further boundaries to form a complete basis. 
These arise from the splitting of the boundary state of the diagonal theory |/)^, 
/ = (A; + 2)/2, that is the fixed point of the orbifold action i — + 2 — i: 

I/,±)z. = ^I/)a±-^I/))- (2-9) 

These two boundary states are distinguished from the invariant combinations (|2.8|) by 
having non- vanishing coefficients for the Ishibashi |/)) corresponding to the "twisted" 
sector z = (A; + 2)/2 in the D-odd modular invariants (p.6|). 
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The coefficient R = 1/ a/2 is determined by the completeness condition for these 
boundaries ( pTSj i.e. by the orthogonahty of the matrix Ram- The two boundary 
states I/, ±)z) can be called fractional branes, using a string terminology [r^|: owing 



to the splitting, their boundary coefficients are smaller than those of the invariant 
state \f)A they originate from. Actually, there is a geometric interpretation of the 
SU{2)j^ y4-type boundary states as Dirichlet two-branes (two-spheres) on the SU{2) 
manifold, the Ss sphere, p[; in this picture, the previous orbifold action (|2.8|) is the 
antipodal map, and the \f)A brane, localized at the equator, is left invariant and gets 
split. Simpler examples of this phenomenon will be found later among the c = 1 
theories. 

In the D-even theory, there are two degenerate Ishibashi states |/, ±)) corresponding 
to the fixed point / = (fc + 2)/2 of the orbifold action. One can similarly construct 
the invariant boundary states and the two fractional states; however, their boundary 
coefficients are not completely determined by the completeness condition. There 
remains a free rotation in the space of the states |/, ±)), that are degenerate in 
Virasoro dimension; a proper basis for these states is the one preserving the extended 
symmetry of the D-even theory. Such basis can be found by applying the Cardy 
formula ( p.4|) to the boundary states of the extended theory, involving the S'-matrix 
for the extended characters The boundary states for all the ADE modular 

invariants have already been obtained by several methods 10, and the present 



discussion was just meant to be pedagogical; note that the orbifold construction can 



also be extended to the boundary operator-product expansion [27 



The orbifold construction can be generalized using the language of simple currents 
| T5| . A simple current J is a primary field with one-term fusion rules with all the 



fields: 

J ■ = , i = l,...,N. (2.10) 

The presence of the simple current implies an abelian discrete sjTiimetry in the theory, 
that is generated by exp(2z7r(5j), with: 

Qji(i)i) = hj + hi-hj^i) modi. (2.11) 

This charge is the exponent for the monodromy of the current around the field (pi and 
is conserved in the fusion rules. The fields (pi can be organized in orbits, each orbit 
containing the fields generated by the repeated fusion with the simple current. The 
simple current and its powers generate an abelian group by fusion that is called the 
center Q of the conformal field theory. 

Starting from the charge-conjugation partition function, one can obtain a new 
modular invariant by modding out the abelian symmetry associated to the simple 
current. The result depends on the order of the center and on the (conformal) spin 
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of the current. In particular, an integer-spin current J generates an extension- type 
modular invariant of the form p6 |: 



Z= E \Sa\ 

orbits a\ Qj{a)=0 



Xj(ia 



(2.12) 



in this equation, a labels the orbits, ia is a representative point on each orbit, and 
\Sa\ is the order of the stabilizer Sa of the orbit a, i.e. the subgroup of Q acting 
trivially on any element i in a. Extension-type modular invariants can be considered 
as diagonal invariants with respect to the basis of the extended chiral algebra, and 
therefore the Cardy solution ( p.4| ) can be used to obtain boundary states that preserve 
the extended symmetry. However, in many cases it is interesting to know also the 



boundaries that only respect the original chiral algebra 



Another example of simple-current modular invariant is of the automorphism type 



15 



z= l^^l' + E ^^^-m ' (2.13) 

i \Qj{i)=0 i \Qj{i)=l/2 

and it is generated by an order-two current of half-integer spin. Both types of in- 
variants, ( p.l2|) and ( p.l3| ) are realized in the SU{2)^ _D-series seen before, the simple 



current being the primary field (pk+i- 

The Z2 automorphism modular invariant ( |2.13|) will appear frequently in our analy- 
sis of the boundary states of c = 1 and c = 3/2 theories. The corresponding boundary 
coefficients Ram have been found in general |T0[ , and were shown to represent the so- 
called classifying algebra for boundary conditions that replaces the fusion algebra 
for the Cardy case. The general pattern of the boundary states is already appar- 
ent in the SU{2)^ example: there are Z2-invariant boundaries that are in one-to-one 
correspondence with length-two orbits of the simple current, 

|a) = E^^'4|^l^))- (2-14) 

These states are characterized by having vanishing coefficients for all the Ishibashi 
states \i)) with Qj{i) = 1/2, owing to the relation Sj(^a),k = 'S'a^fc exp(27ri(5j(A;)) HTSj . 
In addition there are fractional boundary states, two for each fixed point of the simple 
current, J(/) = /, J{g) = (7, . . ., of the form: 

l/,±) = E (2-15) 

These states are characterized by non-vanishing coefficients on the Ishibashi corre- 
sponding to fields with Qj = 1/2 and fixed by J, that can be expressed in terms of 
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a suitable fixed-point S matrix denoted by S WM: 



Rf.,, = ±^ • (2-16) 



The coefficients in ( p.l5|) with respect to the Ishibashi states with J{i) ^ i are 



simply given by the S matrix of the model, Rfj^i = Sfi/\/2. This ansatz for the 
boundary states was shown to satisfy the previous constraints of integrality and pos- 
itivity for the annulus amplitude |T^. We finally mention that a general formula 
has been presented in Ref.[|I^ for the boundary states of arbitrary simple-current 
modular invariants. 



3 Boundary states at c = 1: circle and orbifold 
lines 

We now turn to the analysis of the boundary states for the conformal field theories 
at c = 1: we should first recall some basic facts about these theories [0]. The first 
line of c = 1 models is realized by the free boson field X compactified on a circle 
of radius R. These models possess the affine U{1) symmetry and their field content 
can be organized in representations of this algebra, as summarized by the partition 
function: 

V — -\ 1 a'/n , mfl\2 a' (n mR \^ 

Z,{R) = V r„,^ , r„,^ = — — q-U^^) q-in-l^) , 3.1 

where rj is the Dedekind function. By modding out the circle by the reflection V : 
X —X one obtains the second line of the jJ^i orbifold theories. On each line, 
the points R and oi jR are equivalent by T-duality and the two lines intersect at one 
point, corresponding to i?^ = 4a' and -R^ = a'. The circle theory at the self-dual 
radius i?^ = a' possesses an S'f/(2)^ affine symmetry that can be modded by the 
discrete subgroups of SU{2). While the orbifolds by the cyclic and dihedral groups 
reproduce theories on the circle and orbifold lines, respectively, those by the three 
non-abelian groups T, O, I, (the symmetry groups of the tetrahedron, octahedron 
(cube) and icosahedron (dodecahedron)), give three new c = 1 CFT, that do not 
belong to the previous lines and have no marginal deformations. In the sequel, we 
will focus on the rational points on the c = 1 moduli space| |28[| . 



§ For recent results on the boundary states preserving the Vhasoro algebra only, see Ref . ^ 
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3.1 Circle line 




There are two natural boundary conditions J = Q{J) for the U{1) currents J and J, 
namely Q{J) = ± J, corresponding to Neumann and Dirichlet conditions, respectively. 
The corresponding Ishibashi states are: 

I^,0))d 

\0,m))N = exp j \0,m) , (3.2) 

where \n,m) is the highest weight state with n units of momentum and m units of 
winding and the the bosonic modes. The boundary states 

\x) = 

1^^) = (^) > : e'™^ |0,m))^, (3.3) 



can be interpreted as DO and Dl branes, respectively; they belong to two continuous 
families parametrized by the position on the circle x and by the value of a Wilson 
line 6. 

Let us now focus on the RCFT at the radii R = \/<y'k, A; G N, where the U{1) chiral 
algebra is extended by the fields e±«2^fc/a'x usually referred to as the U{l)i^ 

algebra . There are 2k primary fields, whose characters and conformal dimensions 
are given by: 




r = -k + l,...,k, K='-. (3.4) 



The theory with charge conjugation modular invariant Z = XrX-r possesses 
2k boundary states that are specialization of the Dirichlet boundaries ( p.3| ) for x = 
2TTR{r /2k). In order to account for Neumann states in the rational theories, we 
should consider symmetry breaking boundary conditions: we postpone this discussion 
to the next section. The bulk theory described by the diagonal partition function 
Z = IXrP can only have two boundary states, that are written as follows. 



1/4 



in terms of the Ishibashi states corresponding to the two self-conjugate fields, r = 0,k, 
of the rational theory. They can be realized as superpositions of DO branes of the 
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type ( p.3| ), sitting at even (resp. odd) multiples of 27iR/{2k) This is the first 
occurrence of the orbifold relations of the previous Section: actually, one can obtain 
the diagonal modular invariant from the charge conjugation one by the S'^/Z^ orbifold 
of the symmetry xi ^ exp (2z7r//A;)x/; thus, the new boundary states are given by 
invariant combinations of the old ones, in agreement with Eq. (|2.8| ). 



3.2 Orbifold line 

Let us first recall some general aspects of orbifold constructions [jl8l that will be useful 
in the following discussion. An orbifold theory is the quotient C/G of the CFT C by 
a discrete group G of symmetries of the theory, i. e. by an endomorphism group 
of the operator algebra, that commutes with Virasoro and respects the left-right 
decomposition of the Hilbert space: 

n = ® fe] , (3.6) 

id 

where the [(pj] are the irreducible representations of the chiral algebra. When a a- 
model description is available, the target space of the orbifold theory is the quotient 
of the original manifold by a subgroup G of its isometry group. 

The partition function of the C/G orbifold is: 

^ = ^ E ^ ['] <9, h) , (3.7) 

where |G| is the order of the group and Z [|] is the contribution to the partition 
function coming from the trace on the (7-twisted sector with an insertion of the op- 
erator h. The restriction to commuting elements ghg^^h^^ = 1 comes from the fact 
that the cycle aha~^h^^ is contractible on the torus. The phase e{g, h) accounts for 



the so-called discrete torsion |2^. There is a clear Hamiltonian interpretation: for 
each g E G there is an Hilbert space Hg of (^-twisted states, that are projected by 
Sg = {h E G\ghg^^h^^ = 1}, the stabilizer of g. Recalling the relation \G\ = \Sg\\Gg\ 
between the order of the stabilizer and the dimension of the conjugacy class of g, we 



can restrict the sum in (|3.7|) to the conjugacy classes a and choose a representative 



element ga for each class, leading to: 

^ = E ^ E ^['^1^^- ^) = Y.^rnU^q'^^^-^^t"-^^ , (3-8) 

I '-'a I 



heSa 



where, 

= ^ E ^ <9a, h) , (3.9) 



h£Sa 
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is a projection operator onto S'a-invariant states. 



The expression (3/7) of the partition function does not show exphcitly the chiral 
operator content of the orbifold theory, that is necessary for the construction of the 
boundary states. As stressed in Ref.[|18[, several properties of the orbifold chiral 



sectors can be associated to the representations of the finite group G. With respect 
to its action, the original chiral algebra A decomposes into A = ^^Aa, where Aa 
contains the states that transform in the irreducible representation of G. The chiral 
algebra of the orbifold is = A/G. Each Aa is a representation of Ao, in general 
reducible because G acts in Aa and commutes with ^o- We can then decompose each 
Aa according to: 

Aa = [(j)a] ^ Ta , (3.10) 

where [cpa] is an irreducible representation of ^o- 

Representations of the chiral algebra that are mapped by G into different represen- 
tations are identified in the orbifold model; representations that are fixed point of G 
are split and give rise to the twisted sectors A^, that are in one-to-one correspondence 
with the conjugacy classes of G. On A^, it is defined the action of the stabilizer Sg, 
and thus there is a decomposition analogous to ( |3.10| ): 

^^ = 0^^ Ai = [K]®ri, (3.11) 

a 

where now a labels the irreducible representations of Sg. 

The characters of the orbifold theory associated to the decomposition Hg = 0Q,[0a]<8 
can be written as combinations of the traces, 

z[i]=Trn,hq^'^-^^ , \z[i]\' = Z[i] , (3.12) 



as follows: 

X^.(g) = r^E/^'(^"')^['] ' (3.13) 

where p^{h~^) are the characters of the representation r^. The characters Xai^) have 
g-expansion with positive integers coefficients. The inverse relation is: 

a 

The chiral algebra of the 3^/1^2 orbifold at rational radius can be obtained using 
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the previous formulas |T^; it contains {k + 7) primary fields whose characters read: 



Xr ; 



sXk 



di ^ V 03 



■.l,..,k-l 
0,1, 



0,1, 



h 
h 
h 



0,1 , 

k 

4 ' 

rl 

ik ' 



(3.15) 



h = ^ 

16 ' 

h = ^ 

16 ' 



where the characters Xr are defined in ( |3.4| ) and 6a, a = 2,3,4, are the Jacobi theta 
functions. The fields]]] Xr, ^ = l,...,/c — 1, arise from the identification between the 
primaries Xr and X-r- The fields u±, (f)± arise from the splitting of the representations 
at the two fixed points r = 0, fc: 



u± 



Tr 



xo 



Tr 



Xk 



2 



(3.16) 



where the signs ± label the two irreducible representations of Z2. Finally there are 
four twisted fields ai,Ti, i = 0,1, for the two fixed points, which are obtained by 
considering for each point the combinations: 



(3.17) 



in agreement with (|3.13| ) . The S matrix in the basis ( p.l5| ) was found in Ref . : for 
k even, it reads (up to the factor l/v^8fc), 





u± 


4>± 


Xs 






u± 


1 


1 


2 


±y/k 




0± 


1 


1 


2(-l)^ 


±{-iyVk 


±{-iyy/k 


Xr 


2 


2(-l)^ 


4 cos(7rrs/A;) 








CTi 


±Vk 


±{-iyVk 





S'l j ^s/'^ik 




Ti 




±{-iyy/k 





-6ijV2k 





(3.18) 



where = 


= 0,1. 


The expression for /c odd is 


t3C: 






u± 




Xs 








1 


1 


2 


±y/k 


±y/k 


4>± 


1 


-1 


2(-l)^ 


±t{-iyVk 


±i{-iyVk 


Xr 


2 




4 cos{7Trs/k) 










±Vk 


±i{-iyVk 









Ti 




±i{-iyVk 







e^''^J''/^^/k 



(3.19) 



^ Hereafter, the fields and the corresponding characters are labeled by the same symbols. 
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where (Tij = (-l)'+i(-l)('=+i)/2, ij = o, 1. 

The Cardy boundary states of the 3^/7^2 orbifold can be read from these S matrices, 
Eqs. ( P^ ) and ( |2.4| ); actually, they can be interpreted as the result of the orbifold 
action on the boundaries of the circle theory |ll[ , in agreement with the discussion 
of Section 2. The states \Xr), ^ = l,-.-,k — 1 come from the identification of DO 
branes sitting at opposite points along the circle: in their spectrum there is an exactly 
marginal operator that allows displacements of the branes along the circle. The states 
\u^), 10+) and |</)_) describe fractional branes DO sitting at the fixed points of 
the interval. Actually, they have smaller coefficients than those of the states \xr) 
and non-vanishing coefficients for the twisted Ishibashi's; these branes are forced to 
live on the fixed points because they have no marginal deformations, unless they 
combine with the other fractional brane. Finally the Cardy states corresponding 
to the twisted fields |(Tj), |rj), i = 0,1, can be interpreted as fractional Dl-branes 
with suitable Wilson lines. Actually, the occurrence of both DO and Dl branes is 
not unexpected, because both gluing conditions Q and QV should be present in the 
orbifold theory. 

A general feature of abelian orbifolds is that they always contain a set of integer- 
spin simple currents, stemming from the decomposition of the chiral algebra of the 
original theory, that form a group isomorphic to the orbifold group G [|T^. These 
currents allow for reconstructing the original theory as a simple current extension of 
the orbifold (see Eq.( 2.12 )). Among the chiral fields of the S^/'Z2 orbifold ( |3.15| ), 
there is indeed the integer-spin current U- that gives back the circle theory. 

According to the discussion of Section 2, we can use the simple-current map to 
transform the orbifold boundary states back to the circle theory; according to Eq. 
( p.l4| ), |m+)o and |'U-)o combine into \xo)c, while |0+)o and |0_)o give \xk)c', the fixed 
points \xr)o split giving the two boundary states \xr)c and \x-r)c, using Eq. (|2.15|) . 
These are the symmetry-preserving boundaries of the circle theory seen before. 

Furthermore, two other boundary states are obtained from the fractional Dl branes 

1 /k^'/' 



1+) = ^(l^o)o + \ro)o) = [^j (M - \u-)) + M - |0-)))o , (3.20) 

and similarly for |— ) = (|cri)o + |ti)o)/v^. The states |±) preserve only a f/(l)fc/Z2 
orbifold subalgebra of the full U{l)k symmetry of the circle |jll| and can be interpreted 
as Dl branes with a particular Wilson line, namely they correspond to Neumann 
boundary conditions for the circle theory. This interpretation is confirmed by the 
expression of the annulus amplitude between these new states and the rational circle 
DO states \Xr)- 

A+^r = ao + To , (3.21) 
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which is the usual partition function for a free boson on a strip with Neumann- 
Dirichlet boundary conditions [^]. Actually the Ishibashi states — and 
!</)+)) — \4>-)) are precisely those associated to the Neumann gluing condition flV. 



According to the general analysis of symmetry breaking boundary conditions [|TT 
we can move the automorphism r i-^ — r from the gluing condition to the modular 
invariant and consider the boundary states (|3.20|) as the complete set pertaining to 
the diagonal modular invariant of the circle theory. Actually, they coincide with the 
boundaries 



Two further simple currents exists in the orbifold theory, (f)±, that, together with U-, 
generate the Z2 x Z2 group for k even and the Z4 group for k odd. Let us discuss the 
other theories that they may yield. We note that there exists another orbifold modular 
invariant given by the automorphism ctq, tq) (Xi, ri), which coincides with 

charge conjugation for k odd. The boundary states for this modular invariant at 

= a'k can be constructed as before, by interpreting them as symmetry-breaking 
boundaries for the original theory, i.e. by shifting the automorphism from the modular 
invariant to the gluing condition. Consider the extension of the orbifold theory at 
B? = 4a' k given by the simple current 0+ [jll|: the boundaries with Q,^^ = at 

= 4a'k give back the {k + 7) symmetry-preserving Cardy boundaries of the theory 
at = a'k: these are obtained from the k + 1 length-two orbits corresponding to 
and {Xr,X4.k-r), with r even, and from the three fixed points X2k, 
(To and Tq. Furthermore, the boundaries with Q,^^ = 1/2 give the k + 1 symmetry 
breaking boundaries at R^ = a'k that we were after: these are the k length-two orbits 
(Xr)X4A:-r)? with T odd, and ((Ti,ri). They can be interpreted as k DO-branes at 
Xr = 7TrR/2k, r odd, and as another Dl-brane (the symmetry preserving DO-branes 
are instead at Xr = 7rri?/2/c, r even). The explicit expressions of the symmetry- 
breaking boundaries can be read from the matrices ( |3.18|) and (|3.19|) ; the boundaries 



associated to the orbit (xr? Xik-r) with r odd are, for instance (r = 1, 3, . . . , 2A; — 1): 



k~l 



\Xr) = [{M - M) + i\U-)) - 10-))) + V2Y,^COS (^) (|X2s)) - 1X4.-2.))) 

(3.22) 

where the Ishibashi states are those of the orbifold theory at R^ = Aa'k. As said, 
these are also the boundaries of the automorphism modular invariant. Note that for 
k odd, these boundaries can also be obtained using directly the simple current 0+ 
of the theory at R^ = a'k. Finally, for k = 41 + 2 the current 0+ generates another 
automorphism modular invariant given by the exchange Xr ^ Xk-r for r odd. 

In conclusion, we have seen that the orbifold map and its simple-current inverse 
relating the bulk theories have a clear extension to the boundary states. These maps 
allow to determine complete sets of boundaries for non-charge-conjugate modular 
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invariants and some symmetry breaking boundaries; furthermore, they can indicate 
a geometric interpretation of the boundary states in the orbifold theories. 

The description of the circle and jJ^2 orbifold theories can be completed by 
determining the appropriate Klein and Mobius amplitudes, that project the bulk and 
boundary spectrum under the action of the worldsheet parity operation [|^. These 
are briefly discussed in Appendix 0. 



4 Boundary states of c = 1 isolated points 
4.1 Chiral algebras of T — O — I orbifolds 

Let us now consider the S\J{^)JG orbifolds of the circle theory at the self-dual point, 
where G is a discrete subgroup of SU{2) |]16|. The series of the cyclic groups G = C„ 
have elements gi/n, I = 0,...,n — 1, that rotate of the angle 27il/n around the 
axis, where J*, i = 1,2,3, are the three SU{2) generators. On the boson field X, 
this action simply amounts to the shift X X + 2'K^/a'l/n. The orbifold partition 
function is: 

^ n— 1 

^ z(c„) = -J2^ Gv:] ' (4-1) 



k,l=0 



where 



^U/J e " g 4 g 4 . (4.2) 



Actually these orbifolds coincide (up to T duality) with the compactified boson the- 
ories at the points = a'm? . The second series of orbifolds by the dihedral groups 
similarly give points along the orbifold line at radius = olv?\ actually, the 
D„ groups are generated by adding the element exp(i7rJi) to C„ whose action on the 
bosonic field is precisely the reflection X i— »• —X. 

Finally there are the orbifold by the symmetry groups of the regular solids T, O, I, 
respectively A4, ^4 and A5, or more precisely their lifts to SU{2): 5*^2(^3), GL^il^z) 
and 5*1/2(^5) (In Appendix ^ we report their character tables). Following Ref. ||16||, it 



is convenient to express the partition functions as sums over the abelian orbifolds of 
the mutually commuting subgroups of the non-abelian groups, with all overlappings 
removed. The mutually commuting elements of the non-abelian groups ^4, 5*4 and 
A5, can be easily visualized in terms of their action on the tetrahedron, cube and 
dodecahedron, respectively. For the tetrahedral group we have 4 C3 subgroups that 
acts by rotations around axes through the centers of the faces and a D2 generated 
by rotations of vr around axes passing through the center of opposite edges. The 
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partition function is then: 

Z{T) = ^ (4 (3^3 - Zi) + AZoi2V^] 



(4.3) 



A similar analysis for the octahedron and the icosahedron yields the partition func- 
tions ME: 



Z{0) = ^ (3(4^4 -2^2)+ 4(3^3 -Zi)+4Z„(2v^)+3(4Zo(2v^)-2Z2 
Z{1) = ^ (6(5^5 - Z,) + 10(3^3 - Zi) + 5(4Z,(2v^) - Z,) + Z, 



(4.4) 



There is an interesting relation between the orbifold line at radius = 4a' (4-state 
Potts model or SU{2)^/'D2 model), the tetrahedron and the octahedron, that is due 
to the following chain of normal subgroups: 



Z2 X Zo C T C O 



(4.5) 



with O/T = Z2 and T/Z2 x Z2 = Z3. Accordingly, these models are related among 
themselves by successive abelian orbifold operations and backward by simple current 
extensions. Moreover the O model can be considered as a non-abelian 5*3 orbifold of 
the 4-state Potts model. 

The characters of the chiral algebras of the three Ginsparg models can be found as 
follows : we express the traces z [^] in the various orbifold sectors in terms of 6 
functions, using the formulae. 



1 



2n-l n-1 



n 

r=0 s=0 

where the 6 functions are defined as follows 



(4.6) 



r]{q) 



(4.7) 



Then, we can express the orbifold characters using Eq. ( |3.13|) and the character tables 
for 5'L2(Z3), GL2{'Lz) and SL2{1>^) (Appendix 0). The result for the tetrahedron 
characters is shown hereafter |T8| , while the other cases are listed in Appendix |C[ 

T. The field content of the tetrahedron model consists of 21 chiral fields: 7 in 
the untwisted sector, 2 in the Z2-twisted sector and 6 for each of the two Z3-twisted 
sectors. In the untwisted sector, we find ii = 0, 1, 2): 



Ui 

J 



m - Id 





1/3 



1/2 






l/2_ 

,i+2 



1/2 
1/3 





2/3 



1/2 
2/3 





1/2 



= 0,4,4 , 
/i = 1 , 
h 



(4.8) 



19 9 
4' 4' 4 ' 
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where u = exp{2in/3). We can see that the identity representation of SU{2)^ de- 
composes according to the representation of A4 C 5*172(^3) while the spin one-half 
representation according to those SL2{Ijz) representations that are projective ^4 rep- 
resentations. The two characters in the Z2-twisted sector, 



a 

T 



¥ 
¥ 



"1/4" 




+ ¥ 


"1/4" 
1/2 


\/i 


-¥ 










h 
h 



J_ 

16 ' 

_9_ 

16 ' 



(4.9) 



clearly reflect the structure of their Z2 stabilizer as in the orbifold line. Finally the 
Zs-twisted characters (z = 0, 1, 2), 



=¥ 


"1/3" 



+ 




"1/3" 
1/3 


+ fe 


"1/3" 
2/3 


5 


h = 


1 4 16 
9' 9' 9 ' 


=¥ 


"2/3' 




+ 


3 


e 


"2/3" 
1/3 




"2/3" 
2/3 


, h = 


1 4 16 
9' 9' 9 ' 


ot =¥ 





+ 


fe 


"1/6 
1/3 






"1/6" 
2/3 




h = 


1 25 49 
36 ' 36 ' 36 


=¥ 


"5/6' 




+ 


3 


e 


"5/6" 
1/3 




"5/6" 
2/3 


, h = 


1 25 49 
36 ' 36 ' 36 



(4.10) 



organize according to the representations of Z3. From the explicit form of the char- 
acters we can calculate the modular S matrix. The result (multiplied by l2^/2) is: 



Ui 

J 
a 

T 

Of 

e- 



J 



el 



1 
3 
2 

6 
6 

4cJ^' 

4U^ 



3 
9 
6 

-6 
-6 











2 
6 

-4 





6 



-6 



6 

-6 



6^2 -6^2 

-6^2 6V2 





-Au' 





AZu' 


-AZJ' 





Alu' 


Au' 







Auf 


Auf 





















Aa^uf+^ Aa^uj'^3 4ac^2i+i 4^2*+^ 

AiM^^ 
A]3lu'+^ 



Aa^u)'^^ Aa^uf+^ 



4acj*+2i 4atu^+2i 4i3uji+i 
AauP+'^^ Aauj'+^^ 4/3a?+J' 



(4.11) 



where i,j = 0, 1,2, a = exp(2i7r/9) and /? = exp(27r/9). 

The complex S matrix implies a non-trivial conjugation for this model. Actually 
there are five self-conjugate fields corresponding to {uo,j,(j)o,a,T} while the fields 
{ui,(f)i,u!^,9^} are mapped to {u2,4>2,^i^,0^}. As a consequence there exist both 
the charge-conjugation and the diagonal modular invariant. The fields form a 
Z3 group of simple currents that allow the extension of the tetrahedron to the 4- 
state Potts model. Furthermore the untwisted field fusion rules coincide with the 
representation algebra of the group T as expected from the general discussion in 



Ref. 181. 



O. The octahedron model contains 28 chiral fields: eight from the untwisted sector 



{u±,Uf,j±,(f)±,(f)f}, two from the Z2-twisted sector {fir}, 



0, 1, six from the Z3 
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twisted sector {ui, 9i}, i = 0,1, 2, and twelve from the Z4-twisted sector {ak, Pk, o'±, t±}, 
k = 0,1, 2, 3. This notation reflects the Z2-orbifold relation with the T model. Actu- 
ally the Uf and the 0/ characters originate from the identification of the ui, U2 and of 
the 01, 02 characters of the tetrahedron whereas u±, j±, (f)±, a± and t± arise from the 
splitting of the corresponding characters in the T model. To these five fixed points 
correspond 10 new twisted fields and finally the fields in the two Zs-twisted sectors 
are pairwise identified, resulting in only one Za-twisted sector. The simple current 
that extends the octahedron model back to the tetrahedron is the chiral field The 
octahedron S matrix (multiplied by 2A^/2) is: 





u± 




j± 


0± 


(j)f 


/is 




r± 




9, 


ai 


A 




1 


2 


3 


2 


4 


±12 


6 


6 


8 


8 


±6 


±6 




2 


4 


6 


4 


8 





12 


12 


-8 


-8 








J± 


3 


6 


9 


6 


12 


±12 


-6 


-6 








±6 


±6 


4>± 


2 


4 


6 


-4 


-8 











-8 


8 


±6^2 






4 


8 


12 


-8 


-16 











8 


-8 










±12 





±12 








12-\/2ers 






















6 


12 


-6 











6v^ 










±Q 


±Sl 


r± 


6 


12 


-6 











-6^2 


6^2 








±Sl 


Tci 




8 


-8 





-8 


8 













hij 








Oi 


8 


-8 





8 


-8 











hji 


dij 








Oik 


±6 





±6 


±6^2 


















Qki 


rki 




±6 





±6 


±6v^ 










±Cfc 








rik 


Ski 



where we have introduced the matrices, 

ers = (-1)"+' , Ck = (-l)'=12cos(7r/8) , Sk = (-1)'=12 sin(7r/8) , 

aij = 16Re {a'^Zo'^^) , = 16Re (acj^^+i) , dij = 16Re (pco'^^) , 

qki = 12Re (6"^^'+'=) , r^i = 12Re (e'^^^-'^) , 

Ski = 12Re (e"^(-2)'+'^) , (4.12) 

with indices i,j = 0, 1,2 and k,l = 0, 1,2,3. In this case the S matrix is real and 
there is only the diagonal modular invariant. 

I. Finally the icosahedron field content amounts to 37 chiral fields whose characters 
are listed in Appendix together with the 5* matrix. There are nine fields in the 
untwisted sector {ui, with i = 0, 4 and j = 1, 4, two fields in the Z2-twisted 
sector {cr, r}, six in the Za-twisted sector {uji,6i}, i = 0,1,2 and twenty in the Z5- 
twisted sector {nk, pk, ^k,^k}, k = 0, ...,4. In this theory the S matrix is also real 
and there is the diagonal modular invariant only. Furthermore, there are no simple 
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currents among the chiral fields of tlie icosaliedron model, in agreement with the fact 
that it can not be obtained through a sequence of abelian orbifold operations as the 
T and the O models. 

In studying these orbifolds one should also allow for the presence of discrete torsion 
29| ; the different possibilities are classified by H'^{G, U{1)) that, in our case, is non- 



trivial and equal to Z2 for G = D2n, T, O, I. Nevertheless, the T)2n orbifolds with or 
without discrete torsion are equivalent |]T^, and the same is expected for the T, O, I 



models. 



4.2 Boundary states 

In the previous Section we have discussed the chiral sectors of the T, O and I orbifold 
models. The boundary coefficients for the charge-conjugation modular invariant can 
be read from the respective S matrices according to the Cardy formula ( p.4|) . The 
result shows some interesting features: let us consider the tetrahedron, for example, 
Eq. ( [4.111 ). Firstly, we can observe that boundary states corresponding to a given 



twisted field are uncharged with respect to fields in different twisted sectors: actually, 
the S matrix vanishes on the corresponding block entries. 

Secondly, the untwisted boundary states can again be interpreted as fractional 
branes. The first four states of the tetrahedron, \ui), \j), i = 0, 1,2, come from the 
splitting of the DO brane at the north pole of SU{2)-^ while the next three, 
come from the DO brane at the south pole. The fractional nature of these branes is 
confirmed by the number of possible marginal deformations, respectively 0, 2 and 1, 
thus showing that the number of directions of motion is lower than the 3 displacements 
of the original DO brane in the SU (2) three-sphere. The boundary operator content 
is given by the annulus amplitudes {i = 0, 1, 2): 

Ajj = uq + ui + U2 + 2 j , 

2 2 

A^^^ = Ar,r = j + ^0i + 2a + 2r , 

i=0 i=0 

K^,u^=\^,e^ = Uo+j + a + T. (4.13) 



1 ' t 



These amplitudes and the boundary states associated to the twisted fields |cr), |r), 
\uf) and \9f), i = 0,1,2, could be further understood by studying the geometry 
of the orbifold space. The Cardy states of the octahedron and icosahedron models 
present a similar pattern of fractional and twisted branes. 
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Let us now discuss the boundary states for the diagonal modular invariant of 
the tetrahedron: there are five Ishibashi states corresponding to the self-conjugate 
fields {uo,j, 00, cr, t}, and therefore we expect five boundary states. We use the same 
method applied to the diagonal modular invariant of the compactified boson, namely 
we obtain them from the octahedron by a simple current extension, the relevant 
integer-spin current being J = u^. Actually, the Z2 symmetry TZ in O = T/TZ 
induces as automorphism of the tetrahedron fusion rules precisely the charge con- 
jugation. The boundaries for the tetrahedron with conjugation modular invariant 
that preserve only the T/TZ orbifold subalgebra then coincide with the symmetry 
preserving boundaries for the theory with diagonal modular invariant. 

Under the action of J, the ten octahedron boundary states that correspond to the 
fields in the 7^-twisted sector combine in pairs. Explicitly J maps the boundaries |/io), 
|q;o), \(3q) and \[3i) respectively to |a2), l^s), |/?2) and l/^s). The boundary 
coefficients are: 

= ^"'^ ^JA'^' , (4.14) 



where Sij is the S matrix of the octahedron. The resulting boundary coefficients are 
non zero only for the following five combinations of octahedron Ishibashi states: 



- \u-)) 



\u)) - \J-)) , 
\tA) - \t\) , 



-)) - 10-)) 



(4.15) 



that are precisely the T Ishibashi states resulting from the gluing VlTZ. In this basis 
the reflection coefficients are: 



R 



2^2 



/ 1 


-1 


V2 


1 


-1 


V2 


1 


-1 


-V2 


1 


-1 


-V2 




2 






V2 \ 



-V 2 + V2 



2- V2 




-V2- V2 
-\ /2 + x/2 
V2T72 




(4.16) 



As already said, we can interpret these states as the five symmetry-preserving bound- 
aries for the tetrahedron diagonal invariant. We have explicitly verified that the 
annulus amplitudes for the five boundaries in ( [4.16| ) are consistent and that the co- 
efficient give a five dimensional representation of the fusion algebra (reported in 
Appendix 0). We have also verified that these boundaries, interpreted as symmetry 
breaking boundaries for the tetrahedron with conjugation modular invariant, have 
consistent overlaps with the usual Cardy states and that the corresponding annu- 
lus amplitudes contain, as expected, the twisted characters of the octahedron. For 
instance two of the Ai^a-, d = 1, 5 are: 



Auo,i = ao + "2 



Aj,5 = 3/io + 3/ii 



(4.17) 
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Finally, the Klein and Mobius amplitudes for the T — O — I models, in particular 
those for the diagonal T model, are discussed in Appendix 0. 



5 c = 3/2 superconformal field theories 
5.1 Moduli space 

The partition functions of = 1 superconformal theories can be written in general 

„ 1 



as follows 31 



NS 



{5.1] 



2 ■ 

where the four terms correspond to antiperiodic (a) and periodic (p) boundary condi- 
tions for the supercurrent G along the two non-trivial cycles of the torus: respectively, 
(a, a), (p, a), {a,p) and The last term is the Witten index = Tr/j(— 1)-^; 

the two choices of the sign are related by the Z2 symmetry (—1)^% that takes the 
value +1 on states in the NS-NS sector and the value —1 on states in the R-R sector. 
Actually, one theory is the orbifold of the other by (— l)^''. 

The simplest realization of superconformal symmetry at c = 3/2 is given by the 
theory of a free A^ = 1 superfield, made by the boson field X compactified on a circle 
of radius R and by the Majorana fermion ip. The partition function for this system 
is the product of the familiar lattice sum for the boson, and of the fermion 

partition function summed over the spin structures: 



Z,{R)= J2 ^n,m{\0\'+\v\'+\s\^) . 



(5.2) 



The fermion contribution is expressed in terms of the characters of the Ising model 



'83 I 
2 \ V V ^ 



V 

n 



h 
h 
h 



1 

2 ' 
j_ 

16 ■ 



(5.3) 



whose S matrix is 



S 



1 1 


1 


V2 \ 


1 


1 




V V2 




/ 



(5.4) 



The free superfield compactified on a circle describes the first family of supercon- 
formal field theories, parametrized by the radius R. These theories possess one R-R 
ground state and the Witten index vanishes. Again, the radii R and a' / R are related 
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by T-duality. At the self-dual radius R = \fo^ there is an = 3 superconformal al- 
gebra, resulting from the combination of the affine S'f/(2)^ symmetry with the = 1 
superconformal symmetry. 

The moduli space of c = 3/2 superconformal theories has been investigated in 
Ref.[p!7| by identifying the discrete symmetries of a given family of models and by 
building new models by various orbifold constructions. Let us summarize these re- 
sults. The discrete symmetries present at generic values of the circle radius are: the 
reflection, 

V: X^-X , -^^-ij , (5.5) 

and the previously mentioned (— Furthermore, one can identify X modulo trans- 
lations by integer fractions of the compactification radius. 



5n ■ 



X ^ x + 



27vR 



n 



(5.6) 



The resulting model is again the compactified superfield theory at radius R/n. New 
models were obtained by combining 62 and the other two involutions. As shown in 
T7|, the relevant cases are V, (—1)^"V and 



-1)^=^2. 



The Z2 orbifold by the symmetry V is described by the superfield compactified on 
the interval of length nR, with partition function: 



\n,m(iA 






\o\'' + \v\' + \s\^) . (5.7) 



The T-duality is Zo{R) = Zo{a'/R) ; the circle line meets the orbifold line at the 
self-dual radius, Zo{^/a') = Zc{VAa'). Theories on the orbifold line possess three R-R 
ground states, u^su^, aoOOod and aioWiO and Witten index equal to three. 

Using (-1)^=^ instead of V, one obtains a very similar model that is nothing else 
than the orbifold by (—1)^° of the previous theory, called the orbifold-prime theory 



|17| . Actually, the simple current U-V of the orbifold theory implements the (— 1)^^ 
symmetry; the partition function reads: 



Zo'{R) 



1 

+ 2 





2 





(5.^ 



At the rational points R = \^a'k, this partition function can be rewritten in terms of 
the characters of the rational c = 1 3^/7^2 orbifold ( 3.15 ): 



+ 
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k-1 



+ [u+U- + U^U^ + + 0-0+) |sp + ^ IXrP (l^ 



r=l 



(5.9) 



j=0 



From this expression, it is clear that there are no R-R ground states since the char- 
acters u^s, (JoO and aio now appear in off-diagonal combinations. 

The orbifold of the circle theory by {—1)^''62 yields the so-called super-affine line, 
whose partition function is: 



Zsa{R) 



2n+l,m|'S| 



+ E ^2n+l,m+i + V0)+ E ^ 

2n,m,+ i I I 



(5.10) 



The rational theories at radii R = y/2a'm display 12m sectors and their partition 
functions can be written, for m even (r = —2m + 1, 2m): 



r odd 



+ E 



r odd 



and for m odd, 



2m- 1 



Zsa ( V2a'm 



(5.12) 



= ^ \XrO + Xr+2mV\'^ + E KXr + Xr+2m)sp 
r eiien r=l, odd 

These modular invariants are easily understood noticing that they can be obtained as 
simple current constructions of the circle theory. The simple current is the field X2mV 
of the circle theory whose conformal dimension is /i = (m + l)/2 and hence we have 
an automorphism or extension modular invariant for m even or odd, respectively. 
Note that the rational partition functions ( |5.11 ), ( |5.12| ) are written for the diagonal 
pairing of charges; one should also bear in mind the analogous expressions with charge- 
conjugation pairing, e.g. |XrP XrX-v 

The T-duality of the super-affine line is Zsa{R) = {2a' /R). At the self-dual 
point R = V^a' there is a super-affine 50(3)^ symmetry and the partition function 
can be rewritten in terms of the affine characters: 



3/2 /^^^ 3/2- 



+ 



3/2 



3/2' 



V2 \V 



(5.13) 



22 



There are no R-R ground states on the super-affine hne. The super-affine and the 
orbifold-prime hnes intersect at the point: ZsaiV^c^) = Zo'{\/a'). 

The fifth and final family of theories is called the super-orbifold line and is obtained 
by orbifolding the super-affine line by V Let us present the partition function 



directly at the rational points R = y/2a'm: they are simple current modular invariants 
of the orbifold, the simple current being with conformal weight h = (m + l)/2. 
As for the super-affine line we have to distinguish between even and odd values of m: 
the first case gives the automorphism modular invariants, 

m— 1 

+ + + U-(f)_ + (l)JuJ) |sp + ^ \X2r\^ {\o\^ + \v\^) 



r=l 

m— 1 m 



+ XI \X2r-l?\s\^ + XI X2rX2m-2r\s? + ^X2r-lX2m-2r+l {oV + VO) 



r=l r=l r=l 



+ iWol' + \roni\o\' + \v\' + \s\') 

+ (aiTi + (ot^ + t^o) + (kiP + |ri|2) |sp . (5.14) 
The odd m case gives extension modular invariants: 



m — l 

m-1 — 2~ 



+ X \X2rO + X2m-2rV\^ + ^ \X2r-l + X2m-2r+l\^\s\^ + SlXm^T 
r=l r=l 

+ \aio + Tiv\^ + \tio + aiv\'^ + 2{\ao\'^ + \to\^)\s\'^ . (5.15) 



Theories along this line possess one R-R ground state. The super-orbifold line crosses 
both the orbifold-prime and the circle line: Zso{V4:a') = Zo'{\/4:a') and ZgoiV^a') = 
Zc{V2^). 

The five lines of theories are schematically drawn in Fig.|l] |1^. The pattern is 
more easily understood in terms of the chiral algebras underlying the various families 
of rational theories, at the particular rational points considered before. There are 
only two independent chiral algebras: the direct product of the Ising-model algebra 
with either the U{l)i^ or the [/(1)^/Z2 algebra. The first one describes the circle 
and super-affine lines, the second applies to the orbifold, the orbifold-prime and the 
super-orbifold lines. Different lines for the same chiral algebra correspond to modular 
invariants generated by Z2 simple currents: the current X2mV of the circle theories 
yields the super-affine line, and the currents U-V and (p+v of the orbifold algebra 
produce the orbifold-prime and the super-orbifold lines, respectively. 

We now consider orbifolds by discrete symmetries that exist at particular points 
on the moduli space . One natural possibility is represented by the self-dual point 
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Figure 1: The continuous lines of c = 3/2 superconformal theories: the values of 
the compactification radii Rc, Ro, Ro', Rso and Rsa, are shown for a' = 1/2: they 
parametrize the circle, orbifold, orbifold-prime, super-orbifold and super-affine theo- 
ries, respectively [|T7 |. 



along the circle line: modding out Zc{\/a') by the SU (2) discrete subgroups, one finds 
the product of the corresponding c = 1 theories times the Majorana fermion. More 
interesting = 1 superconformal models can be constructed as orbifolds of the super- 
affine theory at the self-dual point R = \/2a', that displays the SO (3)^ symmetry. 
Actually, this theory can be realized by three Majorana fermions i = 1,2,3, and 
the supercurrent G = —ji^eij^ip^ilj^ip'' is 5*0(3) invariant; thus, the quotient by the 
discrete subgroups of SO (3) does not spoil the superconformal symmetry. The C„- 
orbifolds yield points along either the super-affine or the circle line (we set 2a' = 1 
here) : 

Z(C2„+i) = Zsa {2n + 1) , Z(C2„) = Zc in/2) . (5.16) 
One similarly finds that: 

Z(D2„+i) = Z,o {2n + 1) , Z(D2„) = Zo in/2) , Z{B'^J = Z^' {n/2) . (5.17) 

The second theory for the D2n orbifolds, namely Z(D2„), is found by introducing a Z2 
discrete torsion (in the following, the models with discrete torsion will be labeled by 
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a prime). Finally, the orbifolds of the self-dual super-affine theory by the non-abelian 
groups A4, 5*4 and produce six isolated points: T, 0,I and T', 0',I' that will be 
discussed in Section 6. 



5.2 Boundary states for the superconformal lines 

The boundary states for the circle line are easily obtained as combinations of the 
boundary states for the compactified boson and the Majorana fermion (see Eqs. (|3.3| ),( ^.4| 
Restricting ourselves to the rational case = a'k, we have: 

|r,o)e = ^"-^ {mo)) + miv)) + V2\e))\s)) 

\r,v)^ = 7^ E e-'^{\mo)) + \mv))-V2ms)) 

\r,s). = — ^ ^'"^mH-mv))) , (5.18) 



where |-^))|o)), 1^))!^)) and \i))\s)), are the products of Ishibashi states for the rational 
boson and the Ising model (there are 6k boundary states in total). According to 
the values of the boundary coefficients for the R-R fields, the three types of bound- 
ary states in ( |5.18|) can be considered as positively charged, negatively charged and 
uncharged boundary states, respectively. 

On the super-affine line at = a'k with k = 2m, one expects 3m boundary 
states: they can be obtained acting on the boundaries of the circle with the opera- 
tion {—1)^''62 or equivalently with the simple current J = X2mV, that is freely act- 
ing. Therefore, there are neither fixed points nor fractional branes and the invariant 
boundary states are made of pairs, as follows: 

\r,o)sa = -^{\r,o)c+\r + k,v)c) , r = 0, ...,2k - 1, 



V2 
1 

7! 



\r,s)sa = -^{\r,s)c+ \r + k,s)c) , r = 0, /c - 1 . (5.19) 



For m odd the bulk modular invariant is of extension type and the boundaries |r, o)sa 
with r odd are breaking the extended symmetry. 

The Cardy boundary states of the orbifold line are again products of boundary 
states for the bosonic orbifold with states for the Ising model, for a total of 3(A; + 7) 
boundary states. They are labeled by the corresponding fields: in the untwisted NS 
sector, there are u±I, (p±I, Xrl, with I = o,v; in the untwisted R sector, u±s, (f)±s, XrS', 
in the twisted NS sector, cXjS, r^s, with i = 0,1; finally, in the twisted R sector, aj. Til, 
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I = o,v. We can distinguish them according to their R-R charges, taking into account 
that in this case both untwisted and twisted charges appear. For instance, the states 
\u±I), have both untwisted and twisted charges, while the states \u±s) carry only 
twisted charges. 

Starting from this set of boundary states and acting with the Z2 simple current J = 
we can obtain the boundary states for the super-orbifold line. From the partition 
function ( [5.14| , |5rT5D , we expect (3m + 15) Ishibashi states at radius = a'k = 2a' m. 



Under the action of the simple current, 6(m + 3) boundaries are combined in pairs, 

while 3 of them are fixed, leading to the required 3m + 15 boundary states. In order 
to construct these boundary states, we must know the orbits of the simple current: 
the three fixed points are XmS, o-qS and tqs; the representations, 

'^*±o, 0±o, XrO, ctqo, toO, (Jio, Tio , r = 1, . . . , 2m — 1 , (5.20) 

are respectively paired with the representations, 

(j)^V, U±V, X2m~rV, (TqV, TqV, TiV, aiV , (5.21) 

while the representations, 

u±s, XrS, CTis , r = l,...,m — 1, (5.22) 



are paired with 



^±S, X2m-rS, TiS . (5.23) 



Again the boundary states of the super-orbifold follow, for m even, the general 
pattern described in [T^ for automorphism modular invariants generated by a Z2 
current of half- integer spin. In particular we have a set of 3m + 9 invariant boundaries 
in one-to-one correspondence with the length-two orbits of the simple current, as in 
Equation (|2.14|) . In addition there are six fractional boundary states, two for each of 



the fixed points of the simple current. These boundary states have the form displayed 
in ( |2.15| ) with the fixed-point ^-matrix equal to that of the Ising model ( |5.4| ) in the 
basis {|ao))|s)), |ro))|s)), |Xm))|s))}- 

Finally the boundary states for the orbifold-prime line can be obtained acting with 
the simple current J = u^v on the orbifold states. All the states labeled by NS fields 
are paired and give {k + 5) boundary states, while among those labeled by Ramond 
fields, 12 are paired and {k — 1) are fixed. The total number of boundaries is {3k + 9), 
in agreement with the number of Ishibashi states (see Eq.( |5.9| )). 

The {k — 1) fixed boundary states. 



\r, s)o 



2x1/4 r 



k 

k-l 



i«+)> + i«-)> + (-inw> + (-i: 



1=1 ^ ^ 



{\o))-\v))) , r = l,...,fc-l, (5.24) 
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give rise to new boundaries that differ by their charges with respect to the (A; — 1) 
R-R fields XrS, with r = 1, k — 1: 



1^,3, ±)o' 



(2A;)i/4 _ 

k-1 



1=1 ^ ' 



10) N)) , 



r = 1, 1 . (5.25) 



One can check that these states give consistent annulus amphtudes. 



6 Superconformal T-O-I models 

In this Section we find the chiral fields for the superconformal T-O models and then 
describe their boundary states. The discussion parallels that of the three c = 1 
models: we start from the self-dual point on the super-affine line and mod it by 
the symmetry groups ^4, 6*4 and A^. Taking into account the discrete torsion, one 
obtains three further models, T', O', I', that can also be realized as (—1)^° orbifolds 
of the torsionless T, O, I models (recall that (—1)^° also relates the orbifold and the 
orbifold-prime line). Note that the two triples differ in the number of R-R ground 
states. 



The T model can also be realized as a Z3 orbifold of the theory made by the product 
of three Ising models, that is found at i? = \Jla' on the orbifold line. From the chain 
of inclusions ( [4.5|) , it is then clear that the O model can be obtained as a permutation 
orbifold of the triple Ising theory, i.e. as a non-abelian S3 orbifold: (Ising)®^/Z3 = T 
and (Ising)'^^/S'3 = O. General expressions for permutation orbifolds have been given 
in Ref . [B^ , and agree with our findings. 



The characters and S matrices for the superconformal T and O models are reported 
in Appendix 0; they are obtained as in the bosonic case ( |4.3| - |4.4| ), by first expanding 
the partition functions in terms pertaining to the mutually commuting subgroups of 
T — O ( 5.16 , 07| ), and then by expressing the latter in terms of G functions (Eg. ( |4.7| )), 
using the identities (for i?^ = 2a'n): 



^ 1±_(-1)^ 



E 



1±(-1)^ 



1 ^:^^:^\^(-\Y 



2n|r7(g)|2 
1 

2n|r/(g)|2 



r/2n 
s/2n 



EE^^^e 

r=0 s=0 
2n-l 2n- l , / ^ \r+n 

EE^^^(-i)- 

r=0 s=0 



(6.1) 



e 



r/2n 
s/2n 
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Let us now describe the modular invariant partition functions and the correspond- 
ing boundaries for these models. 

T. The field content of the superconformal T model consists of 35 fields: 22 of them 
belong to the NS sector and 13 to the R sector (see Appendix for notations and 
explicit expressions). There are several modular invariants: first of all the S matrix is 
complex and therefore the conjugation and diagonal invariants are distinct. Moreover, 
starting from the charge-conjugation modular invariant Z{Tc), we can obtain three 
further modular invariants using two Z2 operations. The first is the orbifold by (— 1)^": 
this is obtained through the action of the simple current ^0, that is the primary field 
containing the supercurrent, as usual. The second is the exchange a.^ ^ To, that is 
an automorphism of the fusion rules. The resulting partition functions are: 





i 






{Wol'^ + C^vT^+ToOy+lTyl^) +'^XiXi'- , 

i 




zm = 


{ao% + TyO\, + ayTo + ToWZ) + ^ XiXi' , 

i 




Z{T'J = 




(6.2) 



i 



In these expressions, the index i runs over all the fields not explicitly present in the 
first parenthesis, the prime indicates the presence of discrete torsion and the subscript 
a stands for the previous automorphism. The diagonal modular invariant Z{Tfi) 
similarly generates three other partition functions, that are denoted by Z(Tda), Z{T'^) 
and Z{T'^^); they differ from the expressions ( |6.2| ) by the substitution Xli XiXi* ~^ 

X^i XiXi- 

The boundary states for the model T'^ with discrete torsion are given by the action 
of the simple current ,^0 on the Cardy boundaries of the Tc model. The expected 
number of 31 boundary states is reproduced, because the simple current .^0 acting on 
the tetrahedron chiral fields forms 13 length-two orbits and 9 fixed points. 

The boundary states for the Tda model can be obtained by using the simple-current 
extension from the O model, as already found in the bosonic case (Section 4); this 
will be discussed further below. The T'^^ model can also be analyzed by combining 
the previous two approaches. Unfortunately, the boundaries for the other four cases 
Tea, T'^a; and T'^ do not seem to follow from simple-current constructions. 

O. We now turn to the discussion of the supersymmetric octahedron model. This 
possesses 49 primary fields, 30 belonging to the NS sector and 19 to the R sector, that 
are all self-conjugate (see Appendix 0for the character list and the 5* matrix). There 
are three simple currents, that form the group Z2 x Z2 and can be used 
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to build several modular invariants. The current U- has integer spin and give the 
extension of the octahedron to the tetrahedron; the current Vj^ has half-integer spin 
and contains the supercurrent: the corresponding modular invariant coincide with 
the orbifold by (—1)^% namely O'. Finally, the current w_ has half-integer spin and 
yields a new automorphism modular invariant, that is named Z{0). The expressions 
of these modular invariants are, besides the diagonal one: 

Z(O') = {fiQvJIT^ + fipoJII^ + <yo+r^+ + q-Q-T^- + c.c.) + \xi\^ , (6.3) 

i 

Z{0) = (ao/^a + ai/^s + a2(3o + as/^i + P+P- + (^o+ru^ + (^o~Ty+ + c.c.) 

+ El^^l'' (6.4) 

i 

Z(O') = (00/^2 + "l/^S + "2/^0 + "3/5i + P+P- + POvPlo + POoPlv 

+ ao+ao- + r^+r^- + c.c.) + ^ \xi\^ , (6.5) 

i 

where again the sums over contain all the fields not explicitly written in the 
expressions. Let us discuss these partition functions in turn. 

O'. In this model there are 41 Ishibashi states and the simple current f+ has 
precisely 19 length-two orbits and 11 fixed points, corresponding to the chiral fields 
P±, P, osv, Ai, and 7,. 

O. There are 35 Ishibashi states: under the action of v^, the octahedron fields 
form 21 orbits of length two and seven fixed points, that split developing charges 
with respect to the seven twisted characters p, osv, Ai, i = 0,1, 2, and ^as, a = 0, 1. 
The boundary coefficients Rai (multiplied by 48 a/2) of the resulting 14 boundaries 
w.r.t. to the Ishibashi states of the twisted fields (see Eqs. (|2.15| ),( p.l6| )), are the 
following: 





p 


osv 


Ao 


Ai 


A2 


Pl3s 


lp,±) 








±16^3 


±16^3 


±16v^ 





\osv, ±) 

















±24v^(-l)^ 


|Ao,±) 


•■■ ±16^3 





T32s2 


T32s4 


±32si 





|Ai,±) 


•■■ ±16v^ 





T32s4 


±32si 


T32s2 





|A2,±) 


■■■ ±16^3 





±32si 


T32s2 


T32s4 










±24V2(-1)° 











±24 



where Si = sin(7r/9), S2 = sin(27r/9) and S4 = sin(47r/9). 

O'. There are 31 Ishibashi states: the corresponding boundaries can be obtained by 
acting on the boundaries of the O models with the full simple-current group Z2 x Z2. 
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The boundary states for the Tda model are obtained from the O model, as follows. 
The Z2 symmetry TZ relating the tetrahedron and octahedron models, T/TZ = O, 
induces the automorphism of the fusion rules made by the charge-conjugation com- 
posed with the exchange c^^, ^ Tq. The 9 boundary states for the Z{Tda) modular 
invariant are obtained from the 18 boundary states of the octahedron corresponding 
to the 7?.-twisted sector, namely {ctk, Pk,lk, fJ'ai}, with k = 0, ...,3, a = 0,1 and 
I = o,v, s. They are coupled by the simple current U- according to: 

(tto, tti, /^o, A, 7o, 7i) /^os, Atoo, jJ'Ov) ^ ("2, as, /?2, /^s, 72, 73, l^u, AHo, jJ'iv) ■ (6.6) 

Extending the 7^-twisted sectors of the octahedron, we then obtain the boundary 
states for the T^^ model. In a similar way one can obtain the boundary states for the 



7 Conclusions 

In this paper, we have shown a number of interesting features of boundary conformal 
field theories on orbifold spaces. The orbifold and simple-current relations between 
different theories can be extended to mappings for boundary states; these yield com- 
plete sets of boundaries for non-charge-conjugation modular invariants, furnish exam- 
ples of symmetry-breaking boundary conditions and can be visualized geometrically. 

The non-abelian T — O — I orbifold models at c = 1 and 3/2 present some in- 
teresting features. The origin and properties of fractional Dirichlet-like branes are 
well understood, while the geometrical interpretation of the branes associated to the 
twisted sectors is not complete, lacking a clear picture of the T — O — I orbifold spaces. 
The analysis of supersymmetric models could also be developed; in particular, the 
study of the modular covariance conditions in the R-R sector, that relate the Witten 
index to the Ramond charges [0^ . 

In conclusion, we hope that the models analyzed in this paper will provide a useful 
playground for future studies of D-branes. 
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A Character tables of the T-O-I groups 
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These are the character tables of the groups: (Z3) (top), GL2{'L^) (center) and 
5*1/2(^5) (bottom). We used the notations: uo = exp (2i7r/3) A = {1 + V5)/2 and 
A = (I — -\/5)/2. The representative elements ia of each conjugacy class are: 



Oli loli lioi lo-i 





' 1 
















'ID 













B Amphtudes of non-orientable surfaces 



We complete the discussion of the boundary states for the rational CFTs at c = 1 
(Sections 3 and 4) by considering the amplitudes on the Klein bottle and the Mobius 
strip [Q. These amplitudes project the closed and open spectra onto states invariant 
under the world-sheet parity operation Q. The Klein bottle can be written as: 
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where the coefficients are constrained by the requirement of integrahty and positiv- 
ity of the partition function Z/2 + K. Upon S modular transformation, this amphtude 
describes the propagation of states in the closed sector between two crosscap states: 



K = Y,^^iXi. (B.2) 



where the Fj are the so-called crosscap coefficients. 

The open spectrum is described by the annulus and Mobius amplitudes; the ffist 



one is: 



A = \Y^n^n' A\, , (B.3) 



J, a, 6 



where we now sum over all boundaries with multiplicities n°',n . The Mobius ampli- 
tude reads: 

M = ±\Y.n'^ M:%, (B.4) 



where the hatted characters are defined as £ = T~^/'^x ^i-nd the Mobius coefficients 
M^* are again constrained by the requirement of integrality and positivity of the 
partition function A + M. The transverse Mobius amplitude is obtained through the 
modular transformation P = T^^"^ ST"^ ST^^"^ , and describes the propagation of closed 
string states between a boundary and a crosscap: 

M = ±^r, . (B.5) 

i,a 

In general, given a bulk conformal field theory one has several choices for the Klein 
bottle amplitude p2[0. These different Klein bottle projections correspond to acting 



on the closed and open spectra with a combination of Q and some other involution 
of the theory, that can often be described by simple- current techniques . 



The Cardy solution for the annulus boundaries of the charge-conjugation modu- 
lar invariant has been extended to the Klein and Mobius coefficients 0; it can be 
presented in a nice way by introducing the tensor: 

r./ = V ^^^^ . (B.6) 



The ansatz for the crosscap coefficients is: 



(B.7) 



from which one can derive, 

Ki = Yioo , Mai = Yaio . (B.8 
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As shown in one can define a modified Klein bottle projection whenever the 
model contains a simple current J. The corresponding crosscap coefficients are: 

(B.9) 



from which one can derive, 



Ki = Yi/ , Mj = Yj*(^a)/ . (B.IO) 



Moreover, this ansatz has been extend to simple-current modular invariants in Ref.[14 



Let us now discuss the compactified boson at c = 1. We have two natural projec- 
tions: Q and Q62, where 62 is the half-radius shift operator X X + ttR. With the 
charge-conjugation modular invariant, only the representations Xo and Xk can appear 
in the Klein bottle which reads, in the two cases: 

Kr = lixo + Xk) , = lixo + (-l)'xfc) • (B.ll) 

The two projections are really distinct for k odd. 

We can then construct the annulus and Mobius amplitudes. For example, their 
explicit expressions for k = 3 are: 

Ar = - [xo {^1 + ^3 + 2nrr -|- 2mm) + xi {2nQn + 2mn + 2n^rfi) 
+X2 (^^ + + 2nom + 2?23n) + ^3 (2non3 + 2nm + 2?Tm) 
+X-2 {fn^ + + 2?T,r;,3 + 2nQfn) + X-i {2non + 2nm + 2n3m)] , 
Mr = ±^[xoino-n3) + X2{n-m) + x-2{n-m)] , (B.12) 

and 

Ac = ^ [xo (2/I + 2nn + 2mm) + xi + 2n/ + m^ + ff) 

+X2 (2M + 2nfn + 2ml) + x^ {j^ + + 2mn + 2mn^ 
+X-2 {^In + 2mn + 2lm) + X-i (2lm + 2/n + + m^)] , 
M, = ±]^[xi{m + n) + x^{l + ~l)+x.i{n + m)\ . (B.13) 

In Eq. ( [B.13D , boundaries that are not self-conjugate (y4°„ = 0) carry a pair of 
complex charges, e.g. /, 1. 

It is clear from Eq.( p.l3|) that different Q projections lead to different boundary 



conjugation properties. When a geometric interpretation is available |3^, the bound- 
ary conjugation properties simply reflect the action of fl on the submanifolds wrapped 
by the brane world-volume. In the simple case analyzed before, Q maps X i— > —X 
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and therefore all the branes sitting at opposite position form conjugate pairs and 
carry complex charges, except for the branes sitting at X = and X = ttR which 
are fixed under Q and carry real charges. In a similar way, Q62 maps X t— > —X + ttR 
and the fixed branes are those sitting at X = ±7iR/2. From the point of view of the 
rational CFT, the second projection gives rise, for k odd, to an annulus amplitude 
involving only complex charges: the two fixed branes are missing, because they do 
not correspond to symmetry-preserving boundary conditions. 

Let us consider now the diagonal modular invariant. In this case all the characters 
can appear in the Klein bottle and the two projections read: 

2fc-l 2fc-l 

i^i = 2E^- ir2 = -5^(-irx. • (B.14) 

i=0 i=0 

Recall that the annulus only contains the two boundaries in ( p.5| ), obtained by the 
orbifold construction. For example, for /c = 3, we find: 

Ai = nn{xo + X2 + X-2) + ^{n^ + rf) (xi + Xs + X-i) , 

Ml = ±lin + n) ixi + X3 + X~i) , 

^2 = ^ {nl + n^^) {Xo + X2 + X-2) + n+n_{xi + X3 + X-i) , 

M2 = ±^K + n_)(xo-X2-X-2) • (B.15) 

It is easy to verify that these amplitudes are consistent in the transverse channel. 

A similar analysis can be performed for the orbifold line, in particular one can see 
that all the charges are real except for those corresponding to the fractional branes 
at the two fixed points, which can be real or complex depending on the action of Q 
on the twisted sectors. 

We now describe in some detail the Klein bottle projection for the T model. For 
the charge-conjugation modular invariant the standard Klein bottle projection is: 

K=^iuo + ^o + J + (r + T) . (B.16) 
For the diagonal modular invariant, it is simply given by: 

1 

K,= -J2x^. (B.17) 

1=1 

It is interesting to notice that the crosscap coefficients for the diagonal case can be 
obtained from the crosscap coefficients of the O model by acting with the simple 
current U-, as done for the annulus coefficients in Section 4. The crosscap coefficients 
for the diagonal T model are thus found to be: 



i^^^ (76. ^.0.1.1), (B.18) 
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where the P and S matrices are relative to the O model, and the five entries in the 
vector refer to the tetrahedron primaries {uo,j,(f)o,a,T), respectively. In the direct 
channel, these crosscap coefficients give the amplitude ( [B.!?]) . 

The other models at c = 1 and at c = 3/2, with various choices for the Klein bottle, 
can be discussed along similar lines, using the Eqs. (|B.7| , P3.9D . 



C Chiral data of T - O - I models 
C.l Tetrahedron 

The fusion rules of the theory, in the field basis given in Section 4, are the following 
= 0,1,2 mod 3): 

2 

UiUj = Ui+j , (f)i4>j = Ui+j + j , jj = ^Ui + 2j , 

i=0 

2 2 2 

TT = ^ Mi + j + ^ 0i + 2a + 2r , ar = 2j + ^ 0^ + 2a + 2r , 



aa 



i=0 i=0 i=0 

2 



fe=0 

2 2 

fc=0 k^2-i-j 
2 

= E^fc^+<. ' ete-=j + a + r + u,^,. (C.l) 

k=0 

Hereafter, we report the annulus amplitudes for the theory with diagonal modular 
invariant. There are 5 boundary states, described in Section 4.2 (Eqs.( ^!T5| ),( |4.16|) ); 
the corresponding annulus coefficients A^^, with a,b = 1,...,5, can be written as 
5x5 matrices; the index n runs over the 21 chiral sectors of the theory, ordered as in 
the S'-matrix (|4.11|) , | n = 1, . . . , 21} = {wj, j, 0^, a, r, 6*+, 6^^! i = 0, 1,2}. 
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matrices 


Q TO- 
CLi C. 


A 


n 


— 1 


5? 


It ±5 Z,, O, cLiiU. 
















/ 1 


2 








^ 






/ 








1 


1 


^ 






2 


1 























1 


1 















1 


2 







_ 




1 


1 











, m 










2 


1 











1 


1 















\ 











Q 

o / 






\ 














2 / 


1 




/ 1 





1 





2 ^ 











1 





1 


2 \ 









1 





1 


2 








1 





1 





2 




AS = 


1 








1 


2 




, A = 







1 


1 





2 









1 


1 





2 








1 








1 


2 






V 2 


2 


2 


2 


2 y 






V 


2 


2 


2 


2 


2 / 






( 





1 


1 


1 \ 






f 


1 


1 








1 \ 












1 


1 


1 








1 


1 








1 






1 


1 








1 




i = 10, . . . , 15, A*' = 










1 


1 


1 


, k = 




1 


1 








1 














1 


1 


1 






V 1 


1 


1 


1 


2 / 








1 


1 


1 


1 


2 / 





5,6,7, 



16, 



,21. 



One can check that they give a representation of the fusion rules ( |C.1| ). 



C.2 Octahedron 



Untwisted sector: 





= 








.l/3_ 


+ 






_l/2_ 




= 2i^ 


it] 


+ ¥ 




_l/3_ 




¥ 




_l/2_ 




= 




-¥ 





+ 


¥ 






i- 



1^^ 



Z2-twisted sector 



] + 


1^ 




_l/2_ 




¥ 




_l/4_ 








]- 






1/2 


+ 


¥ 




1/4 


) 






"1/2" 





¥ 


"1/2" 
1/3 


+ 




"1/2" 
1/4 


+ ¥ 


"1/2 

3/4 


"l/2' 




¥ 


1/2 




¥ 


1/2 


-¥ 


1/2 







1/3 




1/4 


3/4 


1/2] 



+ 




1/2] 
1/3 


5 











+ ¥ 
-¥ 





1/4^ 



1/4 



0,1): 



1/4 




+ 



(-1)% 



1/4 
1/2 



/l 
/l 
h 
h 
h 
h 
h 
h 



16 ' 16 



0, 
9, 
4, 
4, 

1 , 

1 

4 ' 

25 
4 ' 

9 
4" 



Zs-twisted sector {i = 0, 1, 2): 



9i 



¥ 

¥ 



1/3 


1/6' 




1/3' 
1/3 
1/6' 
1/3 



+ --6 
+ ^6 



2/3 
2/3 



h 



1 4 16 
9' 9' 9 



/, = J_ 25 49 
36 ' 36 ' 36 • 



36 



Z4- twisted sector {k — 0,1,2,3): 



Oik 




"1/8" 



+ '^0 


"1/8 
1/4 






'3/8' 






"3/8 
1/4 






■1/4" 






1/4" 
1/2 









-¥ 


1/4" 

1/2 



+ 



1/4 
1/4 

1/4' 
1/4 



1/8 
1/2 
3/8' 
1/2 



+ 



Mr, 
4 



1/4 

3/4 
■1/4 
3/4 



1/8 
3/4 
3/8' 
3/4 



h 
h 
h 
h 



1 49 225 81 

64' 64' 64 ' 64 ' 

9 25 169 121 

64' 64' 64 ' 64 ' 

J_ 49 

16 ' 16 ' 

_9_ 25 

16 ' 16 ■ 



(C.6) 



C.3 Icosahedron 



Untwisted sector: 

Z + ¥ 



Uo 
Ui 
U2 
U3 

<!>! 
02 

h 





1/3 



20 

J_ 

20 



10 
10 



- TE^iol + ¥ 



15 

J_ 

12 



15" 
1^^ 



S]- 

1/2' 


1/2' 


1/2' 


■1/2' 




¥ 





1/5 


1/5 





1/3^ 


10 







1/5 


+ 


¥ 




2/5 


+ 


¥[ 


+ 


1-V5^ 
10 ^ 




2/5 




¥ 




.l/2_ 


+ 


1+V5n 
10 




2/5 




¥ 




1/2 









¥ 









¥ 


.l/5_ 




2/5j 






¥ 


















1/2 



to 



1-^5^2 



10 



c ^ 

1/2 
1/5 
1/2' 
1/5 



1/2 
1/5 
1/2 
1/5 



10 

1W5 A-9 
10 ^ 

1/2 
2/5 

1/2- 
2/5 



1/2 
1/3 



"1/2" 


-¥ 


"1/2" 


2/5 


1/3 


"1/2" 


-¥ 


1/2 


2/5 


1/3 



h^l , 
h = 9 , 

h = 9 , 

h = 



49 
4 ' 



9 

4 ' 
h = ^ 



(C.7) 



Z2-twisted sector: 



(J 

T 



¥ 

\9 



Za-twisted sector (i = 0, 1, 2): 



"1/4- 




+ ¥ 


■1/4" 
1/2 


"1/4' 


-¥ 


■1/4" 





.1/2. 



" 16 ' 
"- 16 ■ 



(C.8) 



¥ 
¥ 



'1/3 




1/3 




"1/3" 







1/3 




2/3 


"l/6' 




1/6 


+ fe 


"1/6" 





+ ie 


1/3 


2/3 



= 1 4 16 
9' 9' 9 ' 

/, — J_ 25 49 
36' 36' 36 



(C.9) 
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Z5-twisted sector {k — 0, 1, 2, 3, 4): 



TTjfc 
Pk 



= 10 



1/5 




1/5 
3/5 



1/5 
1/5 



1/5 
2/5 



1/10 




1/10 
3/5 



2/5 




1/5 
4/5 
1/10 
1/5 

1/10 
4/5 



5 



1/10 
2/5 



2/5 
3/5 



2/5 
1/5 



2/5' 
2/5 



= 1" 



3/10 




3/10 
3/5 



2/5 
4/5 
3/10 
1/5 

3/10 
4/5 



3/10 
2/5 



h — 1 16 81 121 36 
''' 25' 25' 25' 25 ' 25 ' 



h 



1 81 361 441 121 
100' 100' 100' 100' 100 ' 



1 _ 4 9 64 144 49 
"' 25' 25' 25' 25 ' 25 ' 



h — 9 49 289 529 169 

100' 100' 100' 100' 100 ' 



(C.IO) 



where C = exp(2i7r/5). 

The S matrix (x60-\/2) in this basis is: 





«o 


Ml 


U2 


Us 


U4 


01 


02 


03 


04 




T 








Pi 




ii 




1 


3 


3 


4 


5 


2 


2 


4 


6 


30 


30 


20 


20 


12 


12 


12 


12 


Ul 


3 


9 


9 


12 


15 


6 


6 


12 


18 


-30 


-30 








9 


9 


9 


9 


U2 


3 


9 


9 


12 


15 


6 


6 


12 


18 


-30 


-30 








9 


9 


9 


9 


u:t 


4 


12 


12 


16 


20 


8 


8 


16 


24 








20 


20 


-12 


-12 


-12 


-12 


U4 


5 


15 


15 


20 


25 


10 


10 


20 


30 


30 


30 


-20 


-20 














01 


2 


6 


6 


8 


10 


-4 


-4 


-8 


-12 








-20 


20 


-9 


9 


-9 


9 


4>2 


2 


6 


6 


8 


10 


-4 


-4 


-8 


-12 








-20 


20 


-9 


9 


-9 


9 


<p3 


4 


12 


12 


16 


20 


-8 


-8 


-16 


-24 








20 


-20 


-12 


12 


-12 


12 


04 


6 


18 


18 


24 


30 


-12 


-12 


-24 


-36 














12 


-12 


12 


-12 


C 


30 


-30 


-30 





30 














30v^ 


-30v^ 




















T 


30 


-30 


-30 





30 














-30V2 


30\/2 




















OJi 


20 








20 


-20 


-20 


-20 


20 











aij 


bij 














ei 


20 








20 


-20 


-20 


-20 


20 











bji 


dij 
















12 


9 


9 


-12 





-9 


-9 


-12 


12 














pi 

^kl 


^kl 


^kl 


p4 
^kl 


Pk 


12 


9 


9 


-12 





9 


9 


12 


-12 














^Ik 


Kl 


R-kl 


"■kl 




12 


9 


9 


-12 





-9 


-9 


-12 


12 














p3 
^Ik 


Rfk 


^kl 


^kl 




12 


9 


9 


-12 





9 


9 


12 


-12 














pi 
^Ik 


Rfk 


^tk 


^kl 



The submatrices are defined as follows: 



^kl 


= Re 


(g-^^2(fc+0) ^ 


p2 
^kl 


= Re 




p3 
^kl 


= Re 




p4 
^kl 


= Re 


(e-Wc^a-fc)) , 


Rll 


= Re 




Rki 


= Re 


(e-Wc'-^) 


Rll 


= Re 




^kl 


= Re 




^kl 


= Re 




^kl 


= Re 

















with indices i,j — 0, 1, 2, k,l — 0, 1, 2, 3, and g — 6(1 + -\/5), g — 6(1 — v^). 



D Superconformal T and O models 
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D.l Super- Tetrahedron 



In this Appendix we display the characters and the 5* matrices for the superconformal 
T and O models. The characters are expressed in terms of the G functions ([4.7|) and 
of the Ising characters, o, v and s in Eq. (|5.3|) . 

Untwisted NS sector {i = 0, 1, 2): 



X- 



= ovv , 





1/3 





2/3 



(o + v) 





5/6 





1/6 



o - V 





1/3 



voo 





5/6 





1/6 



Untwisted R sector (z = 0, 1, 2): 
1 



:SSS 



P^ - 3 

Z2-twisted NS sector: {As|A = a, r} 



1/2 
1/3 





2/3 



(o + v) 



o - 



1/2 
2/3 



h 
h 

h 
h 



0,2,2, 



3 5 5 
2' 2' 2 ' 
1 

2 • 



19 19 _3_ 
16' 16' 16 



(D.l) 



:d.2) 



Z2-twisted R sector: {ai,Tj\I = o,v}, 





= OSS , 


h = 


Ts 


= vss , 


h = 


= 0, 






(To 


= soo , 


h = 


(Tv 


= osv , 


h = 


To 


= vso , 


h = 


Tv 


= svv , 


h = 



J_ 

16 ' 
_9_ 
16 ' 
_9_ 
16 ' 
17 
16 ■ 



(D.3) 



(D.4) 



Z.s-twisted NS sector (i 



or/ 



_ J_ 

if 
617 



e 
e 



1/3 


'1/3' 
1/2 

2/3' 


2/3' 
1/2 



0,1,2) 



1/3 
1/3 
1/3 
5/6 
2/3" 

1/3. 

2/3 
5/6 




Za-twisted R sector {i 



377 

1 



5/6 




1/6 




0,1,2) 



5/6 
1/3 
1/6' 
1/3 



+ ufQ 



5/6' 
2/3 

2/3 



h 



J_ 13 25 5 2 8 
18' 18' 18' 9' 9' 9 ' 



2 8 5 13 25 J_ 
9' 9' 9' 18' 18' 18 



h — 59 11 107 

144' 144' 144 ' 

L _ 11 107 59 

144' 144' 144 • 



(D.5) 



(D.6) 



The S matrix in this basis is reported in Table |I[ 
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\j 


A- 




4- 


Pj 


/'» 


Tj 


TJ 




" 1 






Xi 


1 


3 


1 


3 


2V2 


6 


3V2 


3V2 


4w' 


4a;* 






X- 


3 


9 


3 


9 


6V2 


-6 


-3V2 


-3^2 
















1 


3 


1 


3 


-2a/2 


6 


-3V2 


-3a/2 


4a;' 


4a;* 


-4A/2a;' 


-4^207* 


€- 


3 


9 


3 


9 


-6^2 


-6 


3V2 


3t/2 














pi 


2V2 


6v^ 


-2V2 
















±4v^a;*+i 


=F4\/2o7'+' 










6 


-6 


6 


-6 








-6\/2eAj 


















3V2 


-3V2 


-3V2 


3V2 





6\/2e/^ 


12<5jj 


12(1 - 














Tl 


3V2 


-3V2 


-3V2 


3V2 





12(1 - Sij) 


12(5/j 





















4a;^ 





±4V2a;^'+l 













452iji+J 








4(Z;J 





4a)^ 





=F4V2aJ-''+l 













4a'*w*+-'" 


±4V2/3»aJ*+-'' 


±4V2^^w*+-'' 









-4V2w^' 

















±4^2/30;'+^ -1 


±4A/2^8;^ + j 

±4V2;S^a;*+-'' 










4V2a;-'' 






















±4V2iSS7'+^' 









Table 1: Super-tetrahedron 5" matrix (x24): — (— 1)'+-', oj — exp(2i7r/3), a. — ^i'^i^mj^) and /3 = exp(i7r/9), with indices 
i, J = 0, 1, 2; \ ^ — (T,T (resp. 0, 1) and I, J — o,v (resp. 0, 1). 



D.2 Super-Octahedron 



Untwisted NS sector: 

u± ^looo±loi2r)o+^el%]io + v) + ^Q 



u 

3± 
v± 

V 

h± 



^000 



?r0 





1/3 



[1/3 

(o + v 



or] 




5/6 





5/6 



v), 



^vvo ± it>(2r)o , 





1/3 




5/6 



(o-v) , 



{o-v) , 



6r/ 





1/3 



+ + 




5/6 



\oov ± |o(2t)i' , 



h 
h 

h 
h 
h 
h 



0,5, 
2, 



1,2, 

3 9 
2' 2 ' 

5 

2 ' 

1 5 
2' 2 • 



Untwisted R sector: 



1/2 
1/3 



= A 51 
16' 16 ' 



= \sss + 

3 3r; 



1/2 
1/3 



lb — -^g . 



(D.7) 



(D.8) 



Za-twisted NS sector {i = 0, 1, 2): 



CO. 



± 



1/3 


1/3 
1/2 



1/3 
1/3 
1/3 
5/6 



1/3 
2/3 
1/3 
1/6 



)io + v) 



[o - V 



h 



_L 13 25 
18' 18' 18' 



5 2 8 
9' 9' 9 



Zs-twisted R sector (i = 0, 1, 2): 



A, 



3V \ 



e 



5/6 




5/6 
1/3 



5/6 
2/3 



_ 59 11 107 
"' 144' 144' 144 ■ 



Z4-twisted NS sector (A; = 0, 1, 2, 3): 



as± = |(sso ± s(2r)o) , 
Ts± = li-ssv ± s{2t)v) , 




1/4 


1/4' 




1/4" 
1/4 
1/4' 
1/4 



+ (-i)'=e 
+ (-i)^e 



1/4 
1/2 
1/4' 
1/2 



1/4 
3/4 

1/4 
3/4 



h = 
h = 



(D.9) 



(D.IO) 



1 9 
8' 8 ' 
5 13 
8' 8 ' 

J_ _9_ 49 25 

32' 32' 32' 32 ' 

17 25 65 41 
32' 32' 32' 32 ' 



Z4-twisted R sector {I — o,v; k — 0, 1, 2, 3): 

<7o± = |(soo± o(2t)s) , 
'Tv± — ^{svv ±v{2t)s) , 
osv — osv , 

+ ^'0[;;t]+(-i)'=e[;;j]+H)'=e[J/:])., 



7. =4^0 



1/4 




h 
h 
h 
h 



(D.ll) 



J_ 33 
16' 16 ' 
17 33 
16' 16 ' 
_9_ 
16 ' 

A 11 51 27 
32 ' 32 ' 32 ' 32 

(D.12) 



Z2-twisted NS sector (n = 0, 1): 



OSS , 

vss , 



h 
h 



(D.13) 
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Z2-twisted R sector {I = o,v, n = 0, 1): 



n = 


0, 1). 






= soo , 


h 




= osv , 


h 


/^lo 


= vso , 


h 




= svv , 


h 



J_ 

16 ' 

I ' (D.14) 

16 ' 
17 
16 ■ 



The S matrix in this basis is reported in Table ^ 
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"± 


u 


j± 


"i 




h± 


P± 










OSV 




Aj 


«i 


Pi 


71 








1 


2 


3 


1 


2 


3 


2V2 


4v'2 


6 


6 


3\/2 


6^/2 


8 


8\/2 


±6 


±6 


±6V^ 


±12 


±6V2 


u 


2 


4 


6 


2 


4 


6 


4V2 


8\/2 


12 


12 


6\/2 


12\/2 


-8 


-8\/2 

















j± 


3 


6 


9 


3 


6 


9 


6\/2 


12^2 


-6 


-6 


-3V2 


-6^/2 








±6 


±6 


±6^2 


¥12 


¥6\/2 


v± 


1 


2 


3 


1 


2 


3 


-2^/2 


-4^/2 


6 


6 


-3\/2 


-6V^ 


8 


-8s/2 


±6 


±6 


¥6^2 


±12 


¥6^2 


V 


2 


4 


6 


2 


4 


6 


-4V2 


-8\/2 


12 


12 


-6\/2 


-12v^ 


-8 


8V2 

















h± 


3 


6 


9 


3 


6 


9 


-6%/2 


-12v^ 


-6 


-6 




6V2 








±6 


±6 


¥6v^ 


¥12 


±6\/2 


P± 


2\/2 


4v^ 


6V2 


-2V2 


-4V2 


-6V2 




















e^j8y2 





±£,12 


¥£ll2 











P 


4V2 


8%^ 


12-/2 




-8V2 


-12 




















-t|i&^/2 




















''si 


6 


12 


-6 


6 


12 


-6 














6\/2 


-12v'2 








±e,6\/2 


±e,6v^ 


±e,12 










6 


12 


-6 


6 


12 


-6 














-6\/2 


12\/2 








±e,6v/2 


±e,6v^ 


¥Eil2 








'^I± 


3V2 


6^2 


-3v/2 




-6V2 


3^2 








6^2 


-6\/2 













±6\/2 


¥6\/2 










OSV 


&V2 


12^2 


-6^ 


-6V2 


-12%/2 


6\/2 








-12v/2 


12v/2 































8 


-8 





8 


-8 





ec.8\/2 


-ea8\/2 














Wii 



















Ai 


8v^ 


-8\/2 





-8%/2 


8^2 











































«fc 


±6 





±6 


±6 





±6 


±Sfcl2 





±efc6\/2 


±efe6V2 


±6V2 











afe! 


afe! 










0k 


±6 





±6 


±6 





±6 


¥efcl2 





±efc6V2 


±efe6V2 


¥6\/2 













"fei 


-v'2afe; 








Ik 


±6^2 





±6V2 


=F6\/2 





=F6a/2 








±5fel2 


¥«fcl2 
















-\/2"Js! 











l^ns 


±12 





¥12 


¥12 





¥12 






































^nm J 12\ 




±6^2 





=F6\/2 


T6V2 





±6n/2 














±6JJ 




















e„^jl2V2 


Cnm 12 



Table 2: Super-octahedron 5" matrix (x48). The sub-matrices are defined as follows: Wij — 16Re (e 2iT/9^«+j^ ^ _ 
16^Re (e-5^'^/V+^) , and = 12Re {eT^'^l^i^"'^), with indices = 0,1,2; A;, Z = 0,1,2,3, and n,m = 0,1; the ej^-fe... are 
signs defined according to 6^^... = xhe indices a, /3 = -|-, — , in a;f , w^^ and I,J — o, v, in cr/i and should be considered 

as taking the values 0, 1, respectively. 
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